D-R186 384

UNCLASSIFIED

STRONG CONSISTENCY OF HRXINUH LIKELTHOOD PARAMETER

ESTIMATION OF SUPERIMP (U) PITTSBURGH

UNIV PR CENTER

FOR MULTIVARIATE ANALYSIS Z D BAI ET AL

TR-87-17 RFOSR-TR-87-8973 F49628-85-C

UN 8
BBBB F/G 1273

i1

NL




it § 7

los
_— ‘L:’ 2 Mé 3
T
"m_% .8
=

B

2

-

M.CROCI:PY RESOLUTION TEST CHAR]
NATIONS. BUREAU OF STANDARDS-1963-4




UncléssTﬁed . n‘ncHLE COP\

SRECUMITY CLASYIP I AVION UP Tras PAGL (When lisis f.,m.'-.u !

REPORT DOCUMENTATION PAGE ' e READ INSTRUCTIONS |
I. REPNHAT NUMBER 2. QOVT ACCSS'SION NO| 3. RECIPIENT'S CATALOG NUMBER
AFOSR - TR 87 097~j A
f TITLE (and Sublitle) 8. TYPE OF )l(u_;o_l;r-;;t_';;ia—cé-wlnr =
) CUNRIASNY
:E; Strong consistency of maximum 1ikelihood - ¥oéin+ec% - June 1987
o parameter estimation of superimposed YT TLT TR LT T T s AT
exponential signals in noise 87-17
‘-D AUTHOR(s) . ®. CONTRACT OR GRANT NUMBER(s)
o0 Z.D. Bai, X.R., Chen, P.R, Krishnaiah, F49620-85-C-0008
< PERFORMING ORGANIZATION NAME AND ADDRESY 0. PROG A ELEMENT PROJECT, TASK
. . . AREA WORK UNIT NUMBE RS
| Center for Multivariate Analysis v)’_ ;; )
515 Thackeray Hall LA E At =
D _lniversity of Pittsburah, Pittsburgh, PA 15260 + - .
< CQNTROLLING OFFICE NAME AND ADDARESS 13. REPQAT DATSE
Air Force Offite of Scientific Research June 1987
Department of the Air Force : 3. NUMBER OF PAGES

Rolling Air Force Base, DC 20332 IHida SHC 20

e MONITORING ACENCY NAME & ADDRESS(H! diftereni from Cuu:}l“n‘ Ollice) 18. SECURITY CLASS. (of this rppogt)

: Unc]assified
SCuoywo o ) L

SCNEDUL

16. OISTHIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DIsTY RIBYTION STATEMENT (of the absirect enierad in Block 20, Il dilferens tsrom Repos)

DTIC_ | -

8. SUPPLEMENTARY KOTES

9 xEY WORDS TEnnHmu un teverae slde Il necessery and tdentity by block number)

consistency, exponential rate, Maximum Likelihood

estimate, signal processing,

]
20 ABSTRACT (Continue on reveree side I necessery and ideniily dy dloch number)

2o o

Consider the model of multiple superimposed exponential signals in

additive Gaussian noise

p | ;:::

yj(t) = 12151\1": + e‘j(t)a t = O.],...,ﬂ-], J= ],,,,,N :E:

= :

"

1

)

FORM o

DD 1 JAN ) “73 , ; 8 pr'laccifjed .‘l
8 7 s e SECURITY CL ASSH r CA ','o" OF THIS PAGE (When Dete Eniered) sl

.

:

N 1e8Y 0 QT g et Het s > ) ™ X A U T ) A."“ £, ﬂA-.' “
N et R S e R e e S D el "M'v NIRCR 0.0‘0 OCRR RN R



DA RIS pb AL

Unclassified .“_;___

y SECUMNITY CLASSIFICATION OF THIS PAGE(When Date Bntered)

20 (continued)

RO where N is fixed and n + «, Ay = exp(J:Twi). wy € [0,2n), 1 = 1,...,p,
wis Syj are unknown parameters and p is known. Further, ej(t) = ejl(t)
s + JTTejz(t), and ej](t), ejz(t), t=0,1,2,..., J = 1,...,N, are mutually
*W' independent and identically distributed real random variables with a

e \ common distribution N(O,OZ/Z), 0 < 02 < ®, 02 is unknown, It is shown

Y : that if w, # wj when i # j and )

J
Ea 4 FS PN
: Maximum Likelihood estimate (A], cees Ap) is strongly consistent. More-

=l|sij| >0 for i = 1,...,p, then the

o ‘ over, it is shown that ii converges to A with an exponential rate.
*I

e
LN

LI EPES
’t.n,f.n.\.

B

555
v’ 3

AT,

-
")

s

e
Ay

Unclassified
SECURITY CLASBIFICATION OF Tiit PAQE(Phen Dots Enteresd)

K
N -

.
-



_ ; STRONG CONSISTENCY OF MAXIMUM
< : LIKELIHOOD PARAMETER ESTIMATION OF

o SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE*
‘ - L. D. Bai, X. R. Chen, P. R. Krishnaiah
) ' Y. H. Wu and L. C. Zhao

b ‘ Center for Multivariate Analysis
i University of Pittsburgh

Center for Multivariate Analysis

University of Pittsburgh

(

e .‘u. i \). .Q WA .. A la. . ,‘i'hl‘

y IO . 0 § g WICE™ L
N R IR A EHEAIELS N, ad ‘ 0 X0 'lE -‘a, L e, NN o'



T S O O S T D T S U S T S I T Y S P O T W N T T W T Ty

)
| X
1
| )
t
[t
¢
U
STRONG CONSISTENCY OF MAXIMUM -
LIKELIHOND PARAMETER ESTIMATION OF ‘
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE* §
"
Z. D. Bai, X. R. Chen, P. R, Krishnaiah |
Y. H. Wu and L. C. Zhao
]
Center for Multivariate Analysis f
University of Pittsburgh 4
ii
g ﬂ &
X

June 1987 e —_ -
L Accesion For PR
S _,'_____._é,_... S,
. L NTIZ CRas A
Technical Report No. 87-17 bt wan - ),
RIS i3 [ ¥
Uiannesrood L -9
NI TR O - L
By N
Center for Multivariate Analysis De.t ibntis !
Fifth Floor Thackeray Hall - """_“‘I;"T’_"v*:dw -
University of Pittsburgh A S

Pittsburgh, PA 15260 CRvGt Lodfr :
Dist Soi 3
I
A-l ‘ L B
‘;:
§
* ::
Research sponsored by the Air Force Office of Scientific Research '
under Contract F49620-85-C-0008. The United States Government is -
authorized to reproduce and distribute reprints for governmental v
purposes notwithstanding any copyright notation hereon. ’
!
:n

T, AN ‘ y a0 O OM O OISO MOUNCIO OO RO
!.‘,t-'.h;'vf.'"‘,':-'q“ o NI, R g‘94‘7"'\?"?1(""".1‘.}":*‘1':;”"',‘ ERNN )31"'5‘,1"’e"‘;"‘.i'*’"".t!".oh..

\ 0 LEVRUEORL LyTE e TR e
.'f‘.n?iae'&‘.- “t"?f' + Q‘?f"«ﬂ .:“!f:'i" 'b’a“-’-’.v‘ :

Pk



P

. A.
o - L]
s P
4
5.

I
-
-

AR

v oty
L " N B
. _g-' s

B

A vowm
-
"o

0
B

e

- o
22

W

%
b3
5?\’-

NOSGAOKHICAOA0
L N e

STRONG CONSISTENCY OF MAXIMUM
LIKELIHOOD PARAMETER ESTIMATION OF
SUPERIMPOSED EXPONENTIAL SIGNALS IN NOISE*

Z. D, Bai, X. R, Chen, P. R, Krishnaiah
Y. H. Wu and L. C. Zhao

B A \
VR I G D
v ABSTRACT

Consider the model of multiple superimposed exponential signals in

additive Gaussian noise @,,/;ég S ,(} fo an t 7

1]
\

Y -p/'/t+n( = 0,1 1 j =1 N

j t) - i;]s'ij:i‘j qrjy t), t = 9 ’ooo’n- 'Y J = gecoy >
where N is fixed and n » =, A, = exp(/:Tmi), w; € [0,27), i = 1,...,P,
W s sijiare unknown parameters and p is known, Further, ej(t) = ejl(t)

+ /:Tejz(t), and ej](t), ejz(t). t=0,1,2,c00, §J = 1,...,N, are mutually
independent and identically distributed real random variables with a

common distribution N(0,02/2), 0 < 02 < o, 02 is unknown. It is shown

\ . . N -
that if w; # wy when i # § and 2j=1|51j| >0 for i = 1,...,p, then the
Maximum Likelihood estimate (i], cees ip) is strongly consistent. More-

over, it is shown that ii converges to A with an exponential rate.
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1. INTRODUCTION

Consider the following model of multiple superimposed exponential

signals in additive Gaussian noise

Yj(t) =

s
"ne-1'0
—

SiM ety t= 0 lneT, = 1, N (1)

where ), = exp(J:Twi), P2 1,0000P0 6y 8 [0,2n), wy» Syy are unknowns
and p is assumed to be known., Further, ej(t) = ej](t) + /:7ej2(t) and
ej](t), ejz(t), t=0,1.2,..., J = 1,...,N, are mutually independent
and identically distributed (iid.) real random variables with a common
distribution N(0,6%/2), 0 < o? < =, o2 is unknown.

Quite a number of papers appeared dealing with the estimation of
parameters in this model, which is important in problems related to sig-

nal processing and time series analysis. When A], eees A_ are known,

(1) reduces to an ordinary linear regression model in whiZh si.'s are
usually estimated by the Least Squares method. Therefore a conceivable
way to handle the estimation problem in (1) is as follows: Obtain

by some way an estimator (i], cees ip) of (x], cees lp). Substitute

ii for Ai in (1), consider the ;i's as known constants and use the LS
method to yield an estimate for Sise This seemingly reasonable procedure

J

has the drawback that the estimate of S; thus obtained is usually non-

J
consistent, as indicated in [1].

For the more important problem of estimating As eees Ap’ several

methods have been proposed in the literature. Bresler and Macovski de-
rived in [2] the LS criterion in the form of minimizing some function

not involving Sij‘ Under the normality assumption here, it is the same

as the Maximum Likelihood criterion, Their method consists in introduc-
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ing a polynomial b0 + b]z + ...t bpzp having A]. eses A_. @S roots,

P
thus reducing the problem of estimating Ay ....‘Ap to that of estimat-

. ]
ing the coefficient vector b = (bO' cees bp) . Specifically, define
the set

B=lb Fz’lblz-] b o} (2)
{"'1=11 RS

and the (n-p)xn matrix

b0 bl . . . bp 0
b0 b] . o . bp
B,(b) = e e e e ,» 3)
0 b0 b] . . . b

D,(b) = B,(B)B,(b),

where B;(Q) denotes the conjugate transpose of Bn(Q). Also,

X(dan) = (¥400), Y,(1)s weuy Yyn-0))'y g = 1y s
N
Q,(Y,b) = ngx*(J.n)B;(p)D;‘(g)en(g)g(J.n) (4)

Bresler and Macovski showed in [2] that the vector E = E(n) minimizing
Qn on B, that is to say,

Q) = i 0, (.b) (5)

is the ML estimate of P(O) = (béo). coes béo))' e B, where

0
béo) + b%o)z ...+ bé )2P - 0, (6)
. . W Pl A PCPLY AR PR Y WL x, f'- A G ALSY V 5,00, %0 "i
.‘.f'i-»'“:,«'*'é. i, " JUOIRIN] 2o EALO OO PEXSD 4] LA AT DS TR IO SR
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3 has roots A], cses Ap. Bresler and Macovski suggested an iterative
i process to compute §. No proof is given for the convergence pf this
-
::: process. Nor is one guaranteed that when the process does converge, the
ﬂ&_ limit is indeed an overall minimizing point of Qn, and not a local
ﬁﬁ - minimum,
{ﬁ
;5 Theoretically it is interesting to give a close study of the statis-
L a
RO tical properties of the ML estimate b. For, although the ML method
fﬁ% usually gives statistical procedures with satisfactory performance, in
Q§j particular when the normality assumption is in force as here, the com-
> plexity of the model (from the point of view that the unknowns of the
P
: model appear in rather complicated expressions) makes it unclear how good
-,
.i the ML estimate is under the present situation. As mentioned earlier,
o
% under model (1) the ML estimate of Sij is not even consistent, So also
;rv the good performance of the ML estimate of (A1, cees xp) cannot be taken
{
1
3?_ for granted.
)
) .
Qﬁ This paper is devoted to a basic problem of the asymptotic theory of
E) the ML estimate of (A], cees xp) — its consistency. On reducing the
;t: problem to the estimation of Q(O) as described earlier, it is seen that
o ' S
,:, the problem is equivalent to the consistency of the ML estimate b = g(n)
W of Q(O). Our main result is the following theorem:
kS
"} THEOREM 1. Suppose the following conditions are satisfied:
4 5
- 1. |A1| = e = |xp| =1, ;i # Aj for i # j.
‘ ]
o 2. For each k = 1,...,p, 2j=1lskj| > 0,
()"~
':Z 3. {ej(t)} satisfies the conditions elaborated at the beginning
‘ L]
i of this section.
l‘;'
”, Then for arbitrarily given ¢ > 0, there exists constant c > 0 inde-
Ny
i
o

] v
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pendent of n such that

P(IB(m) - 10 5 o) < (7)

for n large, where ||a|| denotes the Euclidean length of the vector a.

(7) entails, in view of the well-known Borel-Cantelli lemma, that

(0)

b = E(n) is a strongly consistent estimate of b" .
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2. LEMMAS

Some facts concerning mainly with the matrix Dn(g) will be needed

in proving the theorem.. For convenience we shall write
m=n-p, (8)

LEMMA 1. For any P € B, we have

-1 1
D (b) 2 o T I (9)
2
0 () < 27PPHV) (pu) P3Py (10)

where Im is the identity matrix of order m.

Proof. (9) follows from tr(Bn(g)B;(gD =p+1,
To prove (10), we proceed to find the minimum

H = min min u™D_(b)u (11)
€B ueA ~ N ~'~

o3
=3

. - ', m-] 2=
where A is the set {u = (uo, cees “m-l) : 2i=ol”i| 1}

Introduce the (p+1)xn matrix U*(u):

U*(u) = |

One sees easily that

" . ‘. X :. Ch M ~'l:'.. " &‘::"'!'.t'! c“'&‘::!‘,

TR T




Hence,
D u*D (b)u = b'v(u)b, V(u) = U*(u)u(u)
& and

, H = min min b'V(u)b. (12)
" ueA beB ~ -

X Now we prove that for any u e A, we have

2
- det V(u) > 2P{P*1)p3(pH1)7 T (13)

! Since (13) is true when p = 0, suppose that p > 1 and n>p + 1 > 2.
hHy Define

A fx) =upg +ux+ ... +u

.é and w = exp(v=1 2n/n), @ = {w,u?, vo.swl}. There exist at least p + 1

elements Wis eoes in @, such that

p+i

(0 )] > (P ke 1,2, (14)

,) Indeed, supposing in the contrary that
Vi: b€ f (o] < (P e (o), (15)

then, on putting

R TR A LSRRI
o A={1,2,...,m}, Ay o= {m+1, ..., nl,
e and using Lagrange interpolation formula, we have

> /-Te T at
Fe 0= Tf(6) 1 (e 8-¢/ T (6. -0.). (16)
e n 351 M en- 14 K/ ken-15y 3 K
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o For fixed j e A, we have

n
P, x -1 n-1
o no (¢ ¢)n(¢ -¢) = lim Z—— = n¢; .
o kea-(d) 3 Kkeny K g XTEy

) Hence,
A

Qrb kea-{j}
LN

n(¢-¢)
ken, 3 K

P Two cases are possible: First,
o |6 -arg ¢, | > n/n (mod 20), k e Auldl.
gy In this case we have

p+i

I (/"Te

keA]U{j}

™
sin —
n

. o 2n 2
25 Since sin > — o = = when n > 2, we have

e !

3

(e/—fe

1

s

-1 ken,u(d}

-¢k)‘

5
2
<
A
r
(7]
—de
=
!
A
)
o
o
—

(18)

‘) Second,
1 |e -arg ¢z| < n/n(mod 2r), for some & e Au{jl.
T (Note that there are at most one such £.) In this case, noticing that

39! |e -arg ¢k| > n/n (mod 2v) for any k e Alu{j}, k # 2, and that
u* % .
e lem"e- ll/leme-:pzl < n, we have

54 KO
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n (e/-TTe_¢k)

o’-Tne _
keA-{j}

n (e/-"l’e
kea,uld}

/-To -1
<n n -
'keA]u{J}. kn(e d"‘)‘

]

AL
X3
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.-
-

2L L

-p
< r(sin -'r:—) < 27PpPH1, (19)

‘.,
o o

o
-

-
»

From {15)-(19), we obtain
Joer™

=5

< nn'(p+])(2pn'])2'pnp+] e ]

» for all o e [~n,n).

%
S

LI R

Therefore,

2

o b

"
-

»

L R T L~
jgosuj; =§;I 17 (""" )% < 1,
-n

»

A N, .
£ \.',N DI

N

contradicting the fact that Z?;é!ujlz = 1. This proves (14).

-~

Now put (remember that w = e¢:T.2"/")

K. v
g

(U RRARRE

$
-

; ,
a4 (nxn) '
4
4

|
K
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-1:' fn(]) an(W) . . . wn-]fn(wn-])

F
! ((p-ﬂ)xn)g
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flo)  folug) o o ey

“p p+1)

i
s ((p‘fl)X(pH)) =

»
* [
LY

l‘l ‘|.‘
V] Gy

& , f (w]) wgf (mz) . . .

n p+]f (w
L

p+1)
e Then

) * = l * * a l * l x
"~ U(g)ulu) = 3 UM(u)GE*U() = o FF* 2 Lo

2 Hence,

X | det V(y) = det(U*(u)u(u)) > n'("”)]det Fyl2

p+1 2
0 . - n—(p+]) n ( k) n ,A -w

- k=1 l<teqepti 0

. 2 p(p+1)
> n‘(P"’])n 2(p+1) lsin %

o l,,-(pn>,,-2(p+1>2(%)°"’*” _ p(pt1) =3(pe1)?
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\‘.‘ ]]
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R
t"‘l .
e and (13) is proved.
o Denote by L(u) and 2(u) the largest and smallest eigenvalue of V(u),
K ; respectively. Obviously we have L(!) <p+ 1, for any u € A, From this
‘ . )

fd:: and (13), we have
e 2
P " - -

o 2(u) > Con 3ter1)7, C, = 2P(P*1) (p41)7P,

,il‘“’
R From this and (12), we obtain

2

H> ¢ an3PH)7 (20)
k) :_-: - p
R >

\ .

> Now denote by d (b) the smallest eigenvalue of D (b). By (11),
s N . 2

: (20), we see that dn(p) > Cpn 3(p+1) , for any b € B, which amounts to
’#‘
Ltt the same thing as (10). Lemma 1 is proved.
o
NN ,
o LEMMA 2. For arbitrarily given h > 0, there exists h] > 0 such that
\¢ﬁ4 for any b € B, E € Bwith [b-b| <n ], we have

*3 LIPh 1 h

o 07'(b) - 0_'(B)] <n”", n>n (21)
a;.; n '~ n "~ - =0
%), for some ngy not depending on b, 5. Where for any vector or matrix C,
it
'%i |C| denotes the maximum module of the elements of C.
Aol
e
N Proof. Since

-
i -1,z -1 -1,z ~\ -1

"/ - = -
s 07 (B) - 071(b) = 07 (B) (0, (&) - D(B)) D, (b)),
i .

2 (21) follows easily from Lemma 1.

tf In the following we use xﬁ(d) to denote the noncentral Chi-square
l-)!
;:22 distribution with degree of freedom n and noncentrality parameter &,
(L.
A x2(0) will be abbreviated to x-.
LBl
WSl
2

o
p*,"
fﬁa
s

s . < oAt WL TATR A e L ad S A R aBA S SN N
i) A sl q»‘l\u, _’-r‘is-\l& TN n"ié'»‘\':.it% é»’\‘ﬁ!&‘n ~.!’.\‘¢ h ..‘n'}ta;’b’!‘ ’e'i.l 3"“7 ": i




-"
W
t 12
3
s LEMMA 3. Suppose that {gn} is a sequence of random variables,
2 £ is distributed as xﬁ(dn), and there exists positive constants
h‘.\-
ix' <y, such that
q‘\-
ﬁb‘ nn < 65 <mphs N = 1,2,...
{
R Then we can find positive constant c independent of n, such that
.
2 Ple,/n>1+n/2) >1-e ", n=1,2,.. . (22)
“
:3§ Proof. We can find random variables ¢ ~ xi, Z ~ N(0,1), such that
?f' £ is distributed as ¢ + 26nZ + 65. Choose ¢ € (0, n]n2'1/2/8), we have
s,
» 2 -c4n
3 P(Z] > e/n) < —E—exp(- M) ce |
o 2n ovn
;f: for ¢, = 22/2, n> 2/(n€2). But when |Z| < ¢/n, we have
‘
i" 125nZ| < 2@sn < /4.
)
: Therefore,
oY
D) Pe,/n > 1+ n/2) > P(g/n > 1 + ny/4) - P(]Z] > e/n)
%
- —n 2
- >1-P({g/n-1] > n./4) -e » n>2/e". (23)
it
Y ) 5
e Since £ is the sum of iid. variables X], cees Xn’ with X] ~ N(0,1), in
<
ZE view of the fact that X% has moment generating function in some neigh-
>
;;: borhood of zero, it is well-known ([3], p.288) that there exists a con-
e stant Cy > 0 such that
#g -C,n
ch P(|g/n-1| > ”1/4) < e 2 , for n > .
‘thy
”i From this and (23), we see that (22) holds for c = min(c],cz), when
Q'
i} n > max(2/e2, n]). Replacing ¢ by some smaller quantity, we can make
-
i: (22) true for all n.
l.,‘
@
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3. PROOF OF THE THEOREM

Introduce the following notations:

= ' = p
S (S]j’ ...,spj) . wk(g) b0 FhA Lt prk’
/ 1 1 1
A A, Ap
Ay = l ,
) J
n-1 n-1 n-1 /
A A
Ap
Zinb) = $1% 8% (b)0] ' (b)B_ (b1 s
=< 31 J APn n'< " n3j’

For simplicity of writing and without losing generality, suppose

that 02 = 1. Then from the assumptions imposed on {ej(t)}, we have

2 2 :
0, (¥+b) = xiy (2(n,b)) -
Remember that m = n - p. From (9) and the fact that lx]| = ]le = ... =
[xpl = 1, we have
N N
2 1 2 1 2
§°(n,b) e YoIB (ba s ¢ = =% ) Y | E AW
P oy i =Tn=dh T oy tig k=0 K

+ 100 Z(xuiv)twu(g)iv(p)suﬁvj}. (24)

By assumption

g Al W (A Ot OuN (k)
. \‘ 'g. ';’ \ " ‘-( Al ‘ ~ l‘. 1' “ KRN R it 4: |'5 l' ).\ “ ‘l‘l" Q'ﬂ"h (3L ‘ ."‘Q t‘ X ,.Q t' y .| "5‘¢'|.'{i .Q &‘.A(,“:{"i‘.”;k::- i“
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N 2
a = min{ lskjl d k=1 p} > 0
Hence,
AT L 7 Iy (8112 )
) w, (b S s|” > aln-p W (b (25
351 t=0 k=1 K =70 K kzlk "
Put
s = max{[skjlz T <ks<p,1<j<N}
A= min{|Ai- ij: 1<i<j<pl.
We have » > 0 since by assumption A 4 xj when i # j, Thus
m-1
-t 2
tzo(xu Av) S NP1, utv,
Therefore, noticing that |wk(b)| < /p+T, we have
p N m-1
'; Y t 2 + 2 - ‘] 26
e il O s8] < 20 et -0 e
Define the set
B ={b: b= (b b)' eB ;lb-b(°)|2>1
e |~ - 0’ "’ "p L% Tk = ff
k=1
Since {x], qu.,xp} is the set of all roots of béo) + bso)z + ...+
béo)zp = 0, it is easily seen that
- 2
inf) £ |wk(§)] be Be >0 (27)

Summing up (24)-(27), we see that there exists constants ny > 0, ny > 0

depending only on ¢, such that

beB.

~ €

nn < 52(n,b) < non, (28)

! "' KR " ‘o s"‘ i . .’ "" s' Wt i;! Wy 0"'0"5'4!_‘:.(’ l‘t.'
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To simplify the wording, in the sequel the symbol c will be used

to denote any positive constant not depending on b, n, which may assume
different values on each of its appearances, and the phrase "for n large"

means that "“for n larger than some o independent of h e B". Since

Qn(Y,E) - ngm(cz(n,E)), from (28) and Lemma 3, we obtain
P(Q,(Y,b)/0N > 1+ n/2) > 1 - ™M, (29)

Choose h] > 0 according to some h > 0 as in Lemma 2. The value of h will
2ph

be specified later. Choose a subset Ben of Be with no more than n 1
points, such that for each P € Be. there exists E € Bcn such that
|E- bl <n ' From (44), for n large, we have
2ph
P(lnin Q (Y,b)/nN > 1 + n]/Z\ >1-n lg-cn > 1 -e M, (30)
beB " - )
~ €N
- - -h1
Now choose arbitrarily b e B.. Find b e B_ such that Ib-b] <n ',
Consider
J = IQn(Y,E) - Qn(Y,Q)I- (31)
Abbreviating B, (b), B (b), etc. to B, B, etc., we have
J < %‘ Y*(3,0)B*02 18 Y(3.n) - Y*(3,mB*D VB Y(5,.n)
= 3|0y B L) - XTI B0, Bt (3,
N *, . *, ~=] -1 .
:J_Z] Y*(3,n)B7(D " - D7 ")B Y(5,n)
N *, . el el e . * . *5= .
+ '[] Y7(3,n)B.0, B Y(3,n) - Y"(§,n)B D "B Y(i,n)
Jj=
=)+, (32)

I W% ‘,."\' e W N N W ™ At At At A Tt Nt A AN R A B T AT R S A
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+ W A% Va ‘a. AP m'l 4‘1 (,..l t'a,t'u_i...l'c.l. { \-_t.w.t 1’!‘1.0'\._ (% ) a‘l'.“'p‘,!‘:‘}“‘f\YO.L ¥, ":‘.!’q l‘!‘!‘.,n"q. 'I‘.‘I!“I,..', .qb (n M, ) U e




S

2

Se LAl T g -

- T e % >~
b [t ] r 5’-'-

Sl

L Waf W

.
4
q
1
‘l

16

By (21), we have

- n
Jy in-h.

C
He—=Z

N n-1 '
B lIZ <™ ) T (pe )Y (0) ],
1 - j=1 t=0

t=

Put s = maX{Z?=]|sij|: J = 1,...,M), Since |A]| = .. = IApl =1, we

have

< S, §=1,.0N.

p
t
Lleu*i

Hence,

N n-l
-h ~2 2
Jy < 2nN(p + 1) 2 +1 t
<0 }{ nN(p s¢ + jzl tZo(p )|eJ( )| }

N n-]
<™y T ledt))l (33)
=1 t=0 Y

Introduce the event
1T e ()2
E = e.(t)|® < 2nN{.
A EE I A

By (33), we have

E, cidl < Cn"h”}. (34)
For J2’ we have '
5, < 3 VGt -85 Y(3.n)
2 :'jzl Y {3,n)(B, -8B.)D B Y(Jun I
N * S P P
* L dames (B, - 8,015 =95 + 3. (35)

By the extended Schwarz inequality,

N\
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N " .. o w]w
2 <N T Y(3mBROT'B Y (F.n) Y (Fun) (BY -8 )07 (B, - B,)Y(.n).

J=1

Write w = 3(p+1)2 + 1, By (10), (36), we have for n large,

2
Jy <N

J 218 y(3,m) 121 (B, - B )Y(5.m) |2

lle
—

2w Y 2 ¥ - 2
< Nn "jgllan,\f(Jm)H jgln(an-B,,)\,r(s.n)ll -

In the course of proving (33), we have shown that

N N n-1
! IIB,,!(J'.n)II <Cntc Z !
j=1 J=1 t=0

-~ “h
Further, in view of |Bn-Bn| <n ], we have

N - -2h n-
T I, -8 )YGmI% <n ‘(pn)zz 2|v ()12
j:] J_ t=0

-2h1+] -Zh] n-1
< Cn + Cn [ Z le; (t)(2.

From (37)-(39), we see that

Likewise, we obtain

-(h]-w-l)
Enc{d4_<_Cn }

Summing up (31), (33), (35), (40) and (41), we obtain

- - ~h,+w+]
E, = (10, (1,) -0, (Y,)] <cn™™ +en 1Ty

P Vaily,

(36)

(37)

(38)

(39)

(40)

(41)

(42)
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Now we choose h = 1, Choose h] corresponding to. this h according to

Lemma 2 such that h; > w + 1. For this choice of h and h,, from (30)
and (42), we get for n large

-cn
P(En:!iane Qn(Y,g)/(nN) > 1+ “1/2)?-] e -(1 -P(En)). (43)
On the other hand, since Qn(Y,Q(o)) - XgnN- we have for n large,
P(Qn(Y.Q(O)) <1+ n]/4) > 1 - e ", (44)
Likewise, since z?=12 |e (t)l x2 N» We have for n large,

P(E)) > - e ", (45)

Summing up (43)-(45), we obtain for n large,

(min 0,(Y,b) > Q(Y, b(°))> < e cn
beB

which entails (7), and the theorem is proved.
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